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Abstract 

In this paper, we introduce the notion of _E-Courant algebroids, where E is a vector bundle. 
It is a kind of generalized Courant algebroid and contains Courant algebroids, Courant-Jacobi 
algebroids and omni-Lie algebroids as its special cases. We explore novel phenomena exhibited 
by _E-Courant algebroids and provide many examples. We study the automorphism groups of 
omni-Lie algebroids and classify the isomorphism classes of exact 15-Courant algebroids. In 
addition, we introduce the concepts of 13-Lie bialgebroids and Manin triples. 
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1 Introduction 

In recent years, Courant algebroids are widely studied from several aspects. They are applied 
in many mathematical objects such as Manin pairs and moment maps [U |3l [16j [21], generalized 
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complex structures [3J [TTJ [35] , Loo-algebras and symplectic supermanifolds [3T] , gerbes [31] , BV 
algebras and topological field theories [HI [35] . 

We recall two notions closely related to Courant algebroids — Jacobi bialgebroids and omni-Lie 
algebroids. Jacobi bialgebroids and generalized Lie bialgebroids are introduced, respectively, in [5] 
and [15] to generalize Dirac structures from Poisson manifolds to Jacobi manifolds. More general 
geometric objects are generalized Courant algebroids [Hj and Courant- Jacobi algebroids [TU]. The 
notion of omni-Lie algebroids, a generalization of the notion of omni-Lie algebras introduced in (39] , 
is defined in [5] in order to characterize all possible Lie algebroid structures on a vector bundle E. 
An omni-Lie algebra can be regarded as the linearization of the exact Courant algebroid TM®T*M 
at a point and is studied from several aspects recently [T7J [3j3 [38] . Moreover, Dirac structures 
of omni-Lie algebroids are studied by the authors in [6] . 

In this paper, we introduce a kind of generalized Courant algebroid called E-Courant algebroids. 
The values of the anchor map of an E-Courant algebroid lie in £> E, the bundle of differential oper- 
ators. Moreover, its Dirac structures are necessarily Lie algebroids equipped with a representation 
on E. The notion of E-Courant algebroids not only unifies Courant- Jacobi algebroids and omni- 
Lie algebroids, but also provides a number of interesting objects, e.g. the T*M-Courant algebroid 
structure on the jet bundle of a Courant algebroid over M (Theorem 12. 13p . 

Recall that an exact Courant algebroid structure on TM © T*M is a twist of the standard 
Courant algebroid by a closed 3-form [31] . This structure includes twisted Poisson structures and 
is related to gerbes and topological sigma models [301 [37]. In this paper, we are inspired to study 
exact E-Courant algebroids similar to the situation of exact Courant algebroids. 

We also study the automorphism groups of omni-Lie algebroids, for which we need the language 
of Leibniz cohomologies [25, 26]. Moreover, we introduce the notion of E-Lie bialgebroids, which 
generalizes the notion of generalized Lie bialgebroids. We shall prove that, for an .E-Lie bialgebroid, 
there induces on the underlying vector bundle E a Lie algebroid structure (rank(E) > 2), or a 
local Lie algebra structure (rank(E) = 1) (Theorem 16. 6| . 

This paper is organized as follows. In Scction[2]we introduce the notion of E-Courant algebroids. 
We prove that the jet bundle ZC of a Courant algebroid C over M admits a natural T*M-Courant 
algebroid structure. In Section 3 we discuss the properties of E-dual pairs of Lie algebroids. In 
Section 4 we find the automorphism groups and all possible twists of omni-Lie algebroids. In 
Section 5 we study exact E-Courant algebroids and prove that every exact E-Courant algebroid 
with an isotropic splitting is isomorphic to an omni-Lie algebroid. In general, an exact E-Courant 
algebroid is a twist of the standard omni-Lie algebroid by a 2-cocycle in the Leibniz cohomology 
of r(SE) with coefficients in T(3E), which can also be treated as a 3-cocycle in the Leibniz 
cohomology of T(DE) with coefficients in T(E). In Section 6 we study E-Lie bialgebroids. In 
Section 7 we extend the theory of Manin triples from the context of Lie bialgebroids to E-Lie 
bialgebroids and give some interesting examples. 

Acknowledgement: Z. Chen would like to give his warmest thanks to P. Xu and M. Grutz- 
mann for their useful comments. Y. Sheng gives his warmest thanks to L. Hoevenaars, M. Crainic, 
I. Moerdijk and C. Zhu for their useful comments during his stay in Utrecht University and Courant 
Research Center, Gottingen. We also give our warmest thanks to the referees for many helpful 
suggestions and pointing out typos and erroneous statements. 

2 E'-Courant algebroids 

Let E— >M be a vector bundle and DE the associated covariant differential operator bundle. 
Known as the gauge Lie algebroid of the frame bundle J-(E) (see [37J Example 3.3.4]), £>E is 
a transitive Lie algebroid with the Lie bracket [•, •]© (commutator). The corresponding Atiyah 
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sequence is as follows: 

Ql(E) »- ®E '—^ TM 0. (1) 

In [5], the authors proved that the jet bundle ZE (see [7J [33] for more details about jet bundles) 
can be regarded as an E-dual bundle of D E, i.e. 

ZE ^ {v G Rom(D E,E) 1 2/(3>) = $ oi/(l £ ), V $ £g[(£)} C Hom(2£,£). 

Associated to the jet bundle ZE, the jet sequence of E is given by: 

Hom(TM, £?) ^ ZE ?—>■ E 0. (2) 

The operator d : r(i£) ->■ r(3J5) is given by: 

<du(d) := Vne r(E), o g r(S)E). 

The following formula is needed. 

d(fX) = df®X + fdX, V X G r(C), / G C°°(M). (3) 

For a vector bundle /C over M and a bundle map p : /C — s> 55 £7, we denote the induced E- adjoint 
bundle map by p*, i.e. 

p* : Uom(£)E, E) Hom(/C, E), p*(v)(k) = v{p{k)), V k E K., v G Hom(S£, E). (4) 

The notion of Leibniz algebras is introduced by Loday [Ml ES3 U2]< A Leibniz algebra is an 
R- module, where R is a commutative ring, endowed with a linear map [•, •] : q ® — > g satisfying 

[gi, [52,53]] = [[91,92], 33] + [32, [51,33]], v 31,32,33 g g- 

Definition 2.1. E-C'ourant algebroid is a quadruple (1C, (•, -) E , [•, -]x:, p), where 

• K, is a vector bundle over M such that (F(/C), [•, is a Leibniz algebra; 

• (■, ■) E : K, ® K — > E is a symmetric nondegenerate E-valued pairing, which induces an 
embedding: K, °- > Hom(/C, E); 

• the anchor p : K, — > *DE is a bundle map, 

such that the following properties hold for all X,Y, Z G r(/C): 
(EC-1) p[X,Y] lc = [p(X),p(Y)}v; 
(EC-2) [A,Ak = p*d(X,A%; 

(EC-3) p(X) (Y, Z) E = ([X, Y] K , Z) E + {Y, [X, Z] K ) E ; 
(EC-4) p*(ZE) C K, U. X) E = ± M (pP0), V ,1 G ^; 

(EC-5) pop* = 0. 

Remark 2.2. // the E-valued pairing (•, •)„ : 1C ® fC — > E is surjective, Properties (EC-4) an d 
(EC-5) can be inferred from Property (EC-2). In particular, if E is a line bundle, any nondegen- 
erate E-valued pairing (•, -) E is surjective. 
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Lemma 2.3. For any X, Y G TQC) and f G C°°(M), we have 

[X,fY) K = f[X,Y] K + (jop(X)f)Y, (5) 
[fX,Y] K = f[X,Y] K -(jop(Y)f)X + 2p*(df®(X,Y) E ). (6) 

Proof. By Property (EC-3), for all X, Y, Z G TQC) and / G C°°(M), we have 

([X,fY] K ,Z) E + {fY,[X,Z] K ) E = p(X)(fY,Z) E 

= jo p(X)(f)(Y,Z) E + fp(X)(Y,Z) E 

= j ° p(X)(f) (Y, Z) E + / ([X, Y] K , Z) E + / (Y, [X, Z] K ) E . 

Since the pairing (•, -) E is nondegenerate, it follows that 

[X, /%=jo p(X)(f)Y + f[X, Y] K . 

By Property (EC-2), we have 

[X, fY] K + [fY, X] K = 2p*d(f {X, Y) E ) = 2/p*d (X, Y) E + 2p*(d/ ® (X, 

Substitute [X,fY]jc by ([5]) and apply Property (EC-2) again, we obtain ©. ■ 

For a subbundle LcK, denote by L" 1 C K the subbundle 

L 1 = {e 6 /C | (e,l) E = 0, VleL}. 

Definition 2.4. ^4 Dirac structure of an E-Courant algebroid (/C, (•, -) E , [■. -]k.iP) * s a subbundle 
L C /C which is closed under the bracket [■, -]/c and satisfies L = L . 

Evidently, L = L implies that L is maximal isotropic with respect to the _B-valued pairing 
(•, -) E . In general, L being maximal isotropic with respect to (•, ■) E does not imply L = L . 

Example 2.5. Let K be M 3 with the standard basis e±, €2, e^. The W-valued pairing (■, -)r is given 
by 

(ei, e 3 ) R = (e 2 , e 2 )R = 1, (ei, ei) K = (ei, e 2 )R = (e 2 , e 3 ) K = (e 3 , e 3 ) K = 0. 
Obviously, L — Rei is maximal isotropic but L 1 - — Mei © Re 2 7^ L. 

Proposition 2.6. Any Dirac structure L has an induced Lie algebroid structure and is equipped 
with a Lie algebroid representation pl — p\l'- L — > DE on E. 

Proof. Given a Dirac structure L, by Property (EC-2), we have = 0, for all X £ T(L), 

which implies that [•, -]jc \l is skew-symmetric. By ([5]), (L, [•, -]/c \l, (j p) \l) is a Lie algebroid. 
Finally by Property (EC-1), pl ■ L — >■ DE is a representation. ■ 

Remark 2.7. // E is the trivial line bundle M x R, then DE = TM © (M x M). Thus we can 
decompose p = a + 9, for some a : K. — > TM and 9 : K, — > Mxl. For a Dirac structure L, since 
Pl is a representation of the Lie algebroid L, it follows that 9l = 9\l G T(L*) is a 1-cocycle in the 
He algebroid cohomology of L. Therefore, (L,9l) is a Jacobi algebroid, which is, by definition, a 
Lie algebroid A together with a 1-cocycle 9 G T(A*) in the Lie algebroid cohomology U0\j . 

One may refer to [27] for more general theories of Lie algebroids, Lie algebroid cohomologies 
and their representations. Now we briefly recall the notions of omni-Lie algebroids, generalized 
Courant algebroids, Courant- Jacobi algebroids and generalized Lie bialgebroids. We will see that 
-E-Courant algebroids unify all these structures. 



4 



• Omni-Lie algebroids 

The notion of omni-Lie algebroids is introduced in [5] to characterize Lie algebroid structures 
on a vector bundle. It is a generalization of Weinstein's omni-Lie algebras. Recall that there is a 
natural symmetric nondegenerate E- valued pairing (•, ■) E between ^E and T)E: 

(p, D) e = (0, n) E - *> u > V P = Mm € ZE, ue T(E), D G J)E. 
Moreover, this pairing is C°° (M)-linear and satisfies the following properties: 

(jj,,®) e = $o P (/i), v $ e gl{E), n e 3E; 
(t),D) E = r)°j(f), V i) e Hom(TM, E), K T)E. 

Furthermore, T(ZE) is invariant under any Lie derivative £j,, Z) 6 F(S)£'), which is defined by the 
Leibniz rule: 

(£^,0% = o ( / i,y) B -(/i,[j) ) D / ] s ) E , v^r(3£), 5'er(3£). (7) 

Definition 2.8. [5] Given a vector bundle E, the quadruple (£, {-, •}, (•, -) B , p) is called the omni- 
Lie algebroid associated to E, where £ = "DE © ZE, the anchor p is the projection from £ to DE , 
the bracket operation {•,•} and the nondegenerate E -valued pairing (-,-) E are given respectively by 

(p + fi t t+u) E 4 ^((l>,v) E + (v,n) E ), (8) 
{0 + /i,r + ^} 4 [9,t]» +£ ^-£ r Ai + d( ) u,c} jE . (9) 

If there is no risk of confusion, we simply denote the omni-Lie algebroid (£, {•, •}, (•, -) E , p) by 
£ . We call the E- valued pairing and the bracket ([9]), respectively, the standard pairing and 
the standard bracket on£ = T)E ®3E. One may refer to jS] for more details of the property of 
omni-Lie algebroids. Evidently, the -E-adjoint map p* is 1;j_e, the identity map on %E. It is easily 
seen that the omni-Lie algebroid £ is an iJ-Courant algebroid. Its Dirac structures are studied by 
the authors in [B]. 

• Generalized Courant algebroids (Courant-Jacobi algebroids) 

The notion of generalized Courant algebroids is introduced in [33]. It is a pair (/C, p e ) subject to 
some compatibility conditions, where K. — > M is a vector bundle equipped with a nondegenerate 
symmetric bilinear form (•,•), a skew-symmetric bracket [•, •] on T(JC) and a bundle map p e : K, — > 
TM x R, which is also a first-order differential operator. We may write p (X) — (p(X), (9,X)), 
where p : K ->• TM is linear and 6 e F(/C*) satisfies 

6([X, Y}) = p(X)6(Y) - p(Y)6(X), VI,Fe F(/C). 

One should note that the skew-symmetric bracket [•, •] docs not satisfy the Jacobi identity. The 
notion of Courant-Jacobi algebroids is introduced in [10] , In [29], it is established the equivalence 
of generalized Courant algebroids and Courant-Jacobi algebroids. Roughly speaking, the difference 
between them is that the generalized Courant algebroid has a skew-symmetric bracket [-, ■] and a 
Courant-Jacobi algebroid has an operation o, which is also known as the Dorfman bracket [5]. The 
former does not satisfy the Jacobi identity, while the later satisfies the Leibniz rule. Moreover, 
[•, •] can be realized as the skew-symmetrization of o. A generalized Courant algebroid reduces to 
a Courant algebroid if 9 = (see [2"2"]V 

Evidently, a generalized Courant algebroid is an E-Courant algebroid if we take E = M x K. 
It follows that all Jacobi algebroids and Courant algebroids are M x R-Courant algebroids. 
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• Generalized Lie bialgebroids 

A Lie bialgebroid is a pair of vector bundles in duality, each of which is a Lie algebroid, such 
that the differential defined by one of them on the exterior algebra of its dual is a derivative of the 
Schouten bracket [TS1 [2S] . A generalized Lie bialgebroid [TS] , or a Jacobi bialgebroid [9] , is a pair 
((A, fa), (A*,Xo)), where A and A* are two vector bundles in duality, and, respectively, equipped 
with Lie algebroid structures (A, [•, -],o) and (A*, [■, -]*,a*). The data (f> G T(A*) and A G T(A) 
are 1-cocycles in their respective Lie algebroid cohomologies such that for all A, Y G r(A), the 
following conditions are satisfied: 

cUx [X,Y] = [d, Xo X,Y]^ + [X,d* Xo Y]*>, (10) 
MX ) = Q, a(X ) =-a*(0 o ), ^ X + Z Xo X = 0, (fl) 

where d*x is the Ao-differential of A, [■, -]^, is the 0o-Schouten bracket, £* and £ are the usual 
Lie derivatives. For more information of these notations, please refer to [TS]. For a Jacobi manifold 
(M, X, A), ((TM x E, (0, 1)), (T*M x R, (-X,0))) is a generalized Lie bialgebroid. Furthermore, 
for a generalized Lie bialgebroid, there is an induced Jacobi structure on the base manifold M. In 
particular, both ((A, (fio) and (A*,X )) are Jacobi algebroids. If fa = and A o =0, a generalized 
Lie bialgebroid reduces to a Lie bialgebroid. It is known that for a generalized Lie bialgebroid 
((A, 4>o), (A* ,X j), there is a natural generalized Courant algebroid (A © A*, <j) + X ). 

We give more examples of S-Courant algebroids. 

Example 2.9. Let A be a Lie algebroid and pA '■ A — > 55 i? a representation of A on a vector 
bundle E. Let K = A © (A* ® £)• For any I, Fe T(A), £ © u, r](g>v G r(A* <g> we define the 
following operations: 

p(A + £® M ) = pa (A), 
[A + £ © u, Y + r\ © v] K = [X,Y] + Z x (r)®v) - £, Y (£ ® u) + p* A ° d((Y,£)u), 

(X + £®u,Y + ri®v) E = -((X,r})v + (Y,£)u). 

Evidently, p* = p* A : $E — > A* © E and it is straightforward to check that (A © (A* (g> 
-]ic, (■, ■) E , p) is an .E-Courant algebroid. In [20], the notion of AV-Courant algebroids is 
introduced in order to study generalized CR structures, which is closely related to this example 
but twisted by a 3-cocycle in the cohomology of the Lie algebroid representation pA- 

Example 2.10. Consider an iJ-Courant algebroid K, whose anchor p is zero. Thus p* = 0, and 
the bracket [•, is skew-symmetric. So JC is a bundle of Lie algebras. Property (EC-3) shows that 
there is an invariant .E-valued pairing. We conclude that an _B-Courant algebroid /C whose anchor 
p is zero is equivalently a bundle of Lie algebras with an invariant E- valued pairing. 

Example 2.11. An omni-Lie algebra gl(V)(&V is a special omni-Lie algebroid whose base manifold 
is a point, hence a ^-Courant algebroid. Moreover, one may consider a Lie algebra (§,[-, -] fl ) 
with faithful representation p g : g — > on a vector space V. This representation is called 

nondegenerate if for any v G V, there is some A G g such that p g (A)(v) ^ 0. Introduce a 
nondegenerate ^-valued pairing (•, -)y and a bilinear bracket [•, •] on the space g © V: 

(A + u,B + v) v = ±( Ps (A)(v) + Pg (B)(u)), 
[A + u,B + v] = [A,B] B + p s {A)(v), V A + u, B + v e g®V, 
where p : g © V — > Ql(V) i s defined by p(A + u) = p B (A) for A + u G g © V. Following from 

p*(u)(B + v) = \p s (B){u) = (u, B) v , (12) 
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we have p* = ly, as a map ZV = V — > V. Clearly, (fl©V, (•, -)v, [■, -],p) is a V^-Courant algebroid. 

The bracket defined above appeared in [T7]. For any representation p : g — > 0K^)> we cau 
(g®V, [■, ■]) a hemisemidirect product of g with V. There is also a natural exact Courant algebra 
associated to any g- module [2J. 

The above example can be generalized to the situation of Lie algebroids. 

Example 2.12. Let (A, [■, ■], a) be a Lie algebroid with a nondegenerate representation pa ■ A — > 
DE. On the vector bundle A ZE, define an E-valued pairing (•, -) E and a bracket {•, •} by 



1 

{X + p,Y + v} = [X,Y}+£ p(x) v-£ piY) » + d(p A (Y),(j,} E , 



(X + f x,Y + v) E = -((p A (X),v) E + (p A (Y),p) E ), 



for any X + p, Y + v e T(A © ZE), and define p : A ® ZE — >■ DE by p(X + p) = p A (X). Similar 
to (TT21) . we have p* = 1%e- Then, it is easily seen that (A © $E, (•, -) E , {•, •}, p) is an i?-Courant 
algebroid. 

• The jet bundle of a Courant algebroid 

At the end of this section, we prove that for any Courant algebroid C, 2C is a T*M-Courant 
algebroid. The original definition of a Courant algebroid is introduced in [35]. Here we use the 
alternative definition given by D. Roytenberg in |31j . that a Courant algebroid is a vector bundle 
C — > M together with some compatible structures — a nondegenerate bilinear form (-, ■} on the 
bundle, a bilinear operation [•, •] on T(E) and a bundle map a : C — > TM satisfying a o a* = 0. 
In particular, (r(C), [•, •]) is a Leibniz algebra. 

On the jet bundle 2C of the vector bundle C, we introduce the T*M-valued pairing (•, •) , the 
bracket [•, -]yc an d the anchor p : 2G — > T)(T*M) as follows. 

a) For any X, Y e F(C), the T*M- valued pairing (•, of AX, dY is given by 

(dX,dY) t = d(X,Y), (13) 

By ©, we get 

(dx.d/an, = (x,Y)df, 

(d/<8X,d/<8)y), = o. 

b) For any X, Y <E r(C), the bracket [•, -]^c of dX, dY is given by 

[dX,dY] 3 c=d[X,Y]. (14) 

By ©, © and ©, we have 

[dX,df®Y] 3C = df®[X,Y\+d(a(X)f)®Y, 

[d/®ydx] 3C = d/®[yx]-d(a(x)/)®y + 2(x,y)da*(d/), 
[d/®x,d 5 ®y] 3C = a(x)( ff )d/®y-a(y)(/)d 5 ®x. 

c) For any X e r(C*), p(dX) e T(T){T*M)) is given by 

p(dX)(.) = £„(*)(•)• (15) 

By Q, we get 

p(d/ ® X) = o(JC) ® d/, V/eC°°(M). 
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For any £ 6 J7 1 (M), we have 

P (dX)(fO = £ aW (/0 = /£«(*)(£) + a(X)(/)£, 

which implies that jopodl = a(X), where j : D(T*M) — ► TM is the anchor of D(T*M) 
given in Q. Furthermore, for any g G C°°(M), the fact that p(d/(g)X)(g£) = 0p(d/(g>X)(£) 
implies that j o p(df ® X) = 0. 

We identify C with C* by the bilinear form. For any f,g£ C°°(M), it is straightforward to 
obtain the following relations: 

p*(dd/) - d(a*d/), 
p*(d/®d ff ) = d ff ®a*(d/), (16) 
p*(d(fdg)) = dg ® a*(d/) + /d(a*d.g). 

These structures give rise to a T*M-Courant algebroid. 

Theorem 2.13. For any Courant algebroid C , ($C, (•, •) , [•, -]^c, p) * s a T* M -Courant algebroid. 

Proof. It is straightforward to see that the pairing (•,•)* and p are bundle maps and (T($C), [•, -]^c) 
is a Leibniz algebra. To show that the data ($C, (•, •)„ , [•, -]^c, p) satisfies the properties listed in 
Definition 12. 1[ it suffices to consider elements of the form dX, dY, <dZ, df ® X, dg ® Y, dh ® Z, 
where X, Y, Z € T(C), f, g, he C°°(M). 

First we check Property (EC-1). Clearly, we have 

p[dX,dY] ac = Pd [X,Yj = £ Q[x ,y] = [£ a {x),Z a (Y)h = [pdX,pdY] s . 
Furthermore, since a o a* =0, we have 

p[d/®X,dY] 3C = p(d/®lX,Y]-d(<z(Y)/)®X + 2(X,Y)da*(d/)) 
= a([X,Y])®d/-a(X)®d(a(Y)/). 

On the other hand, 

[p(df ® X), p(dY)] s (0 = [a(X) ® d/, £ a(y) ] s (0 = (£ a( Y)L a(X))df - £ o(r) ((a(X), £)df) 

= (a([X,Y]),0df - (a(X),0d(a(Y)f), 

which implies 

P [df ® x, <dY] 2C = [ P (df ® x), p(dy)] 2 . 

Similarly, we have 

p[dX,d/®Y] 3C = [p(dX),p(d/®Y)] s 

= a([X,Y])®d/ + a(Y)®d(a(X)/), 
p[d/®X,d 5 ®Y] 3C = [p(d/®X),p(d 5 ®Y)] s 

= (a(X)g)a(Y) ® d/ - (a(Y)/)a(X) ® d 5 . 

To see Property (EC-2), notice that [d/ ® X, d/ ® X] 3 c = and (df ® X, d/ ® X)^ = 0, so we 
have 

[d/ ® X, d/ ® X] oc = p*d (df ® X, d/ ® X), . 

Furthermore, 

[dX, dX] 3C = d IX, X] = d o a*(d (X, X)) = p*d o d (X, X) = p*d (dX, dX) + , 

[d/®x,dY] 3C + [dY,d/®x] 3C = 2(x,r)p*dd/ + 2d/® a *(d(x,y)) 

= 2p*d((x,Y)d/) = 2p*d(d/®x,Y) at , 

which implies that Property (EC-2) holds. It is straightforward to verify Property (EC-3). Property 
(EC-4) follows from (fTB]). Property (EC-5) follows from the fact that aoo*=0. ■ 
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3 The E'-dual pair of Lie algebroids 

Let A be a vector bundle and B a subbundle of Rom(A,E). For any p k G Hom(A fe A, E), denote 
by p k the induced bundle map from A k ~ 1 A to Hom(A, E) such that 

Mt| (-Xi> • ' ' , ^fe-i)(^fe) = V k (Xi, ■ ■ ■ ,Xk-i,Xk). (17) 

Introduce a series of vector bundles Hom(A k A, E)b, k > by setting Hom(A°A,_E)s = E, 
Hom(A 1 A, E) B = B and 

Hom(A fc A,E) B = {p k eRom(A k A,E) \lm(p k ) C B} , (k > 2). (18) 

If B is a subbundle of Hom(A, E), then A is also a bundle of Hom(_B, E). The notation Hom(A fc -B, E)a 
is thus clear. 

Definition 3.1. Let A and E be two vector bundles over M. A vector bundle B C Hom(A, E) is 
called an E-dual bundle of A if the E-valued pairing (•, ■) E : A Xm B — > E, (a, b) B = b(a) (where 
a <E A, b <E B) is nondegenerate. 

Obviously, if B is an B-dual bundle of A, then A is an I?-dual bundle of B. We call the pair 
(A, B) an _E-dual pair of vector bundles. 

Assume that (A, [•, •], a) is a Lie algebroid and B C Hom(A, £?) is an i?-dual bundle of A. A 
representation pA ■ A — > T)E of A on E is said to be B-invariant if (r(Hom(A*A, E)b), d A ) is 
a subcomplex of (£l'(A, E),d A ), where d A is the coboundary operator associated to pa- If Pa is a 
B-invariant representation, we have p* A (ZE) C £>. In fact, by definition, one has 

P \{p){X) = (p, p A (X)) E , V p e 3E, X e A, 

and it follows that : -> B is given by p* A ([u] m ) = (d A u) m , for all u G T(_E). Thus, 

p* A {ZE) CB is equivalent to the condition that d A (T(E)) C T(B). 

Furthermore, for any representation pa '■ A — > DE, there are two natural Lie derivative 
operations along X G r(A). The first one is 

Z x ■ r(Hom(A fe A, E)) — ► r(Hom(A fc A, £)) = T(A fe A* ® E) 

defined by 

£x(w (g) u) = (£ x w) ®u + uj® p A (X)u, Vwe T(A k A*), u e T(E). 
The second one is 

£ x ■ r(Hom(A fc (A* ® E), E)) — ► r(Hom(A fe (A* ® E),E)) = T{A k {A ® E*) ® E) 
defined by £j« = /a^pQu, for w G r(B), and 

k 

£ x S(n7i A • • • A zu k ) = p A (X)(E(zu 1 A • • • A w k )) - S(^i A • • • A £ x n7 4 A • • • A ro fe ), (19) 

i=l 

for all S G r(Hom(A fc (A* ® £),£)), w l G r(A* 0.E). In particular, since A C Hom(A* ®E,E), 
we have 
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Proposition 3.2. Let A be a Lie algebroid together with a representation p : A — > DE and 
B C Hom(A, E) a subbundle of Hom(A, E) such that (A, B) is an E-dual pair of vector bundles. 
Then the following statements are equivalent: 

(1) the representation pa '■ A — > DE is B -invariant; 

(2) d A T{E) C T{B) andd A T(B) C r(Hom(A 2 A, E) B ); 

(3) r(Hom(A fc j4, E)b) is invariant under the operation Zx for any X G T(A); 

(4) r(Hom(A fc i?, E)a) is invariant under the operation £x for any X G r(^4). 

Proof. The implication (1) (2) is obvious. We adopt an inductive approach to see the implica- 
tion (2) =>■ (1). For any n> 1, £ x : T(Rom(A n A, E) B ) — > r(Hom(A" A, E) B ) is well defined and 
we have i Y Z x - Zxiy = i[Y,x]- Assume that d A r(Hom(A"" 1 A, E) B ) C r(Hom(A n A, E) B ) and 
d A r(Hom(A"A,£;) i 3) C r(Hom(A" +1 A, E) B ) hold for all p n+1 G T(Rom(A n+1 A,E) B ). To prove 
that d A p n+1 G r(Hom(A" +2 A,£)i?), it suffices to show that i x d A p n+1 G r(Hom(A™ +1 A, E) B ), 
for all a G T(A). Again, it suffices to show that i Y i x d A p n+1 G r(Hom(A"A, E) B ) holds for all 
Y G T(A). In fact, 

i Y i x d A p n+1 = i Y (£ x p n+1 -d A i x p n+1 ) 

= {l Y Zx - Z X i Y )u n+1 + £xlYV n+1 ~ l Y d A l X p n+1 

= HYX]H n+1 + ZxiYti n+1 - i Y d A i x ^ n+1 G r(Hom(A"A, E) B ). 

So we conclude that r(Hom(A*A, E) B ) is a subcomplex of CI* (A, E). This completes the proof of 
the equivalence of (1) and (2). The equivalence of (1) and (3) is obvious. 

Next we prove the equivalence of (2) and (4). For any X k G r(Hom(A fe B, E)a) and & G B, we 
have 

{ki^-^tk-i£xX k ,t k ) E 

= (& x X k )(^ AjjA-Afi) 

k 

= p A (X)(X k (^ A 6 A • • • A &)) - ]T X fc (a A • • • A A • • • A &) 

i=l 

= Pa{X) (i^ lA ... Aik _ 1 X k , £ k ) E - ^ (%A-A£x{jA-A£*-i A fe , £fc) £ - («£ lA ... A ,t fc _ 1 X' c , £ X 6c) B 

j=l 

/ fc-1 
= / [X, « ?lA ... A4fc _ 1 X fe ] - ^ ^lA-A£x€3 A-A^_! A fc , £fc 
\ j=l 

Since the £7- valued pairing (•, is nondegenerate, we have 

fc-i 

Hia-a&-i£x^ = [A,i 4lA ... A?fc _ 1 X fe ] - ^i 4lA ... A£x53A ... A5(c _ 1 X fc , 

i=i 

which implies the equivalence of (2) and (4). ■ 

Definition 3.3. An E-dual pair of Lie algebroids ((A, pa); (B,p B )) consists of two Lie alge- 
broids A and B which are mutually E-dual vector bundles, a B -invariant representation pa '■ A — >• 
DE and an A-invariant representation p B : B — > DE. 
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Obviously, ZE and DE are mutually E-dual bundles. In the following, we show some properties 
of the bundle Rom(A k 'DE, E) ZE . 

Proposition 3.4. If k > 2, for any [i k G r(Hom(A fe 2)-E, E) ZE ), there is a unique bundle map 
e r(Hom(A fe - 1 rM,S)) such that 

A • • • A A $) = $ o A^fc 0(00 A • • • A V $ G r( l(£)), 0, G T(T)E). 

Proof. By definition, we have /U fe (5i A • • • A J)fe) = (^(j, k (Di A • • • A 0/s_i),5fe^ , which implies 

p o fj, k (£>! A • • • A Dfc_i) = /U fe (5i A • ■ • A u fe _i A 1). 
We claim that i$(p o yuj) = 0, for all $ G r(g[(_E)). In fact, we have 

po A • • • A Ofe-2 A 
= //(oi A • • • A o fc _2 A $ A 1) = -Ai fe (oi A • • • A d k - 2 A 1 A $) 
= - (fi%(Qi A • • • A u fc _2 A 1), $) E = -$opo A • • • A fe _ 2 A 1) 

= — $ o /i fe (c)i A • • • A Ofe-2 A 1 A 1) 
= 0. 

Therefore, the bundle map p o fit : A k ~ 1 T(DE) — > T(E) factors through j, i.e. there is a unique 
bundle map A^ : T^^TM) -> T(E) such that 

po M f(oi A ■•• A5fe_i) = A Mfc (j(0i) A • • • A j(0fe_i)). ■ 

Therefore, for k > 2, the vector bundle Hom(A fe 2)-E, i?)^ can be defined directly by 
Hom(A fe S£, E) ZE 

= {// e Hom(A fe D£, £) | 3 ! A^ € Hom(A fe_1 TM, £), s.t., V $ G 0[(£), 
G J)E, A • • • A A$) = $oA„ t (j(0i) A • • • A j(0 fc _i))}. 

We will write A^ = p fe (/i fe ) for /i fc given above. For any £ G Hom(A fc TM, fc > 1, we define 
ce fe (£) G Hom(A fe !D.E,.E) 3E by 

O3 fc (£)(0i A • • • A Ofe) = £(j(0!) A • • • A j(D fc )), V 0, G ££. 

In addition, we regard Hom(A _1 TM, E) = 0, Hom(A°TM, E) = E and Hom(A D_E, E) ZE = E. 
Let p° = and <e° = 1 E . 

Proposition 3.5. For any k > 0, the following sequence is exact: 

— > Hom(A fe TM, E) Hom(A fe £>£;, E) ZE ^ Hom(A^ 1 TM, E) — > 0. (20) 

Proof. If k = 0, 1, the result is clear. For k > 2, it is obvious that ce fe is an injection and p oce fc = 0. 
Now we prove that p fc is surjective. For every A G r(Hom(A fe_1 TM, E)), i.e. a bundle map from 
A k ~ 1 TM to E, we define A G r(Hom(A fe £>£;, E) ZE ) by 

k 

A(J>i A • • • A Ofe) = ^(-l) i+1 c);oA(j(5i) A---jS)"-Aj(9fc)) 

i=l 

+ XJ( _1 ) i+J ' A ([i( 9i )' jfo)] A A • • • j& • • 1(0?) • • ■ A 
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for any di G T(DE), i = 1, • • • , fc. It is straightforward to see that A is a bundle map from A k, DE 
to E. Since for any $ G r(fll(£7)), 

A(J>i A ■ ■ • A Ofe_i A $) = ( — l) fc+1 <f> o A(j(0i) A • • • A j(t)fe_i)), 

we have A £ r(Hom(A' £ D£;, E)^ E ) and p^A = (-l) fc+1 A. 

Finally, if 6 Y{YLoui{A k '£)E, E) 2 e) satisfies p fe (/i fc ) = 0, then we have 

A* fe (0i A ■ • • A fc -i A $) = $ o p fe (/)(j(c)i) A • • • A j(0fe_i)) = 0, 

which implies that the map ^ fc factors through j, i.e. there is a unique £ 6 Hom(A fc TAf, E) such 
that 

A • • • A D fc ) = C(j(0i) A • • • A j(D fc )). 
Therefore, sequence ([2U| is exact. ■ 

In the sequel, we will omit the embedding ce fc and directly regard Hom(A*TM, E) as a sub-bundle 
of Hom(A k DE,E)^E- Hence we have 

p(i 8 //) = ^j( ^ ,)pV^ V G DE, n k G Hom(A fc 2>£, E) ZE . (21) 

Recall that DE is a Lie algebroid and there is a natural representation ljjjg on E, For /i fc G 
T (Kom( A k Q E,E) j E ) and 0; G r(D£), the coboundary operator d : fl'(DE, E) -> f2' +1 (:X)i?, E 1 ) 
is given by 

fc+i 

d/(t>i A-AJn+i) = £(-l)* +1 i><o/i*(9iA---9i"-Adfc + i) 

i=l 

+ X^ -1 ^^^'^ 2 ' A 5i A ■ • - fi • • • 65 • • • A Ofe+i). (22) 

Lemma 3.6. TTie representation 1®e of the gauge Lie algebroid T)E on E is ZE-invariant, i.e. 
(r(Hom(A*2)£ l , E)^e), d) is a subcomplex of (r(Hom(A*2)-E, £?)), d). More precisely, for any d G 
r(2)£:) and G r(Hom(A fc £>£', E) 3 b), fc > 0, we /iaue 

p fe (£ /) = £,(pV))> (23) 
P fc dpV = (-l) fc+1 pV, (24) 
pfc+M// = d P V + (-l)V- (25) 

Proof. Assume that pV fe = A G r(Hom(A* _1 TM, E)), i.e. for all $ G r(g[(J5)), 0, G r(SE), 

A • • • A o fc _i A $) = $ o A(j(5i) A ■ • ■ A j^fc-l))- 
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Then, we have 

£ D M fe (c)i A ••• AOfe-i A$) 

= Jo A • • • A D fe _i A $) - ^ fc (ch A • • • A A [5, $]) 

fe-i 

- ^ M fe (5i A • • • A [V, &,-]» A ■ • • A Dfc-i A $) 
i=i 

= 3 o$o A(j0i A ••• A j0fc_i) - [X>, $] o A(j0i A ••• A jO fc _i) 
fe-i 

- ^ $ o A(j5i A • • • A [fi, fa] A • • • A jD fe _i) 

i=l 

fc-1 

= $(5 o A(j5i A • • • A jOfc-i) - A (j £, i A ' ' • A A • • • A jl>fc_i)) 

i=l 

= $(£ A(5i A--- A0fc_i)), 

which implies the equality p fc (£ 3 /i fc ) = £j,(p fe (/i fc )). The other conclusions can be obtained simi- 
larly. ■ 

Remark 3.7. For any A G r(Hom(A fe " 1 TAf, E)) C T (Rom( A k - 1 D E, E) 2 e), £ A can 6e consid- 
ered as the Lie derivative of fl k ~ 1 (M) (g>T(E) in the obvious sense: 

£d = £j(D) ® lr(B) + lo fc -!(M) ® f. 

By Lemma l3~6l the representation lx> e of DE on £ is ZE- invariant. Since ZE is a Lie algebroid 
with all structures zero, we have 

Corollary 3.8. The pair ((DE, 1d_b); (ZE, 0)) is an E-dual pair. 

Theorem 3.9. For the cochain complex C(E) = (Y(Hom(A*DE,E)^ E ),<A), we have U k (C(E)) = 
0, for all k = 0, 1, 2, • • • . In other words, there is a long exact sequence: 

-> T(E) A T(ZE) A r(Hom(A 2 D^,i;) 0£ ) A • ■ • 

d ^r(Rom(A n DE,E) ZE ) -> 0, (26) 

where n = dimM + 1 . 

Proof. If k = dimM + 2, we have Hom(A fc+2 TAf, E) = Hom(A fe+1 TM, E) = 0. By the exact 
sequence flU}, Rom(A k+2 DE, E) 2E = 0. By (EH) and if d^ fe = 0, we have = (-l) fc+1 d(p fe n k ), 
and hence H k (C(E)) = 0. ■ 

Example 3.10. If E reduces to a vector space V, ZV = V, DV = Ql(V). By I|2DJ|. we have 
Hom(A 2 fl[(y), V) v = 0. In fact, for any e Kom(A 2 gl(V), V) v , A, B E gl(V), we have 

(p(A AB) = B(j)(A A l y ) = -BA(j>(l v A l v ) = 0. 

Therefore, tj> — 0, which implies that Hom(A 2 g[(V), V)v = 0. On the other hand, for any v G V, 
Av = v and for any u G ZV , Au = 0. Thus, the first cohomology is trivial. 

Example 3.11. Let E = M x R, then we have DE = TM © R and ZE = T*M © R. Denote the 
basis of C°°(M) C r(S^) by 1 and the dual basis by 1*, i.e. 1*(/1) = /, for all / G C°°(M). 
Since p : DE ®ZE — > DE is the projection, we can write p — prxM + 1*, where 1* is considered 
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as a section of £* satisfying 1*(/) = /, 1*(X) = l*{p) = 0, for all / G C°°(M), X G X(M) and 
fi G r(3E). Since df = df + fl*, we have 

d/ = Q <=►/ = (), V/GC°°(M), 

which implies that E°(C(E)) = 0. 

For any A G f2 1 (M), by ([25]), one gets p 2 (dA) = -A. Furthermore, we have d(/l*) = d(d(/) - 
df) = — <d(d/), which implies that p 2 (d(/l*)) = df. Therefore, for any p € T(ZE), we have 

dfi = fi = df + fl* \i = df, 

for some / € C°°(M), which implies that H 1 (C(i?)) = 0. For similar reasons, one has R k (C(E)) = 
0. 



4 The automorphism groups of omni-Lie algebroids 

In this section, we study the automorphism groups and the twists of omni-Lie algebroids. For 
i = 1,2, it is subtle to define morphisms between two -Ej-Courant algebroids with different base 
manifolds, which remains a topic in the future. As for general Lie algebroid morphisms and 
Courant algebroid morphisms, please refer to [41 1131 15]. Here we only consider the automorphisms 
of E- Courant algebroids. 

Given an automorphism $ : E — > E over the diffeomorphism <f> : M — > M of the base 
manifold, there induces a unique automorphism Ad$ of 1)E such that: 

Ad$(5)(u) = $o}o VK r(DE), u e T(E). 

Definition 4.1. The automorphism group Aut(/C) of an E-Courant algebroid K, is the group of 
bundle automorphisms F : K, — > K. covering bundle automorphisms $ : E — > E such that 

(1) F is orthogonal, i.e. (F(X),F(Y)) E = <I>(X,Y) E ; 

(2) F is bracket-preserving, i.e. F[X,Y] K = [F(X), F(Y)] K ; 

(3) F is compatible with the anchor, i.e. p o F = Ad$ o p. 

We usually denote such an automorphism by a pair (F, $). The set of all automorphisms 
(F, 1e) is a normal subgroup of Aut(/C), similar to the _B-ficld introduced in [TT] . 

Now let us study the automorphism group of the omni-Lie algebroid £ = DE © ZE defined 
in Definition 12.81 For any automorphism $ : E — > E, there is an induced map $ : ZE — > ZE 
defined by 

= [$(u)] 0(m) , V (i = [u] m 6 {ZE) m , u e T(E). 

It is clear that the pair (Ad$ + $, $) is an automorphism of the omni-Lie algebroid £ and it is 
totally determined by <I>. 

There is another symmetry of the omni-Lie algebroid £ , which we call the i3-field transfor- 
mation. Let us elaborate on this idea. For any b G T(Hom(T)E, ZE)), there is a transformation 
e b : £ — !> £ defined by 

*(:)-(; DdHM- 

Lemma 4.2. For b G L(Hom(A 2 £>i?, E)^b)i the map e b is an automorphism of the omni-Lie 
algebroid £ if and only if b is closed, i.e. db = 0. 
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Proof. Let 0, r G T(DE), fj,, v 6 T(^E). First, b is skew-symmetric implies that e b preserves the 
standard pairing given in We also have 

{e b (Q + v),e b {K + v)} = {d + fi,x + v} + {d,i v b} + {i b,v} 
= {d + (i, r + v} + £,$i v b — i z di^b 

= e b ({d + fi 1 x + v})+i t i i db. (28) 

So e b is an automorphism of the omni-Lie algebroid £ if and only if i t i^db = for all 0, rer(D£), 
which happens if and only if dfe = 0. ■ 

The transformation e b defined by (|2T|) will be called a B-field transformation, for any b <E 

T(Rora(/\ 2 DE,E) 2E ) with db = 0. 

Corollary 4.3. The abelian group of B- field transformations is isomorphic to T(Hom(TM, E)). 

Proof. For any b e r(Hom(A 2 D£;, E)y E ) such that db = 0, assume that fi = p 2 b e r(Hom(TM, E)), 
where p fe is given in Sequence (|20l) . Then, by (j2"S")) . 6 = — d/x. As a vector space, T($E) = 
T(Uom(TM,E)) © dT(E). Since d 2 = 0, it follows that 

d(r(OE)) = d(r(Hom(TM,£))) = r(Hom(TM, E)). ■ 

In fact, any automorphism of the omni-Lie algebroid £ is a composition of an automorphism $ 
of the vector bundle E and a -B-field transformation. 

Theorem 4.4. Let (F, be an automorphism of the omni-Lie algebroid £ , where $ is an au- 
tomorphism of E and F : £ — > £ is an automorphism of £ . Then F can be decomposed as a 
composition of an automorphism $ of the vector bundle E and a B-field transformation e b . 

Proof. Since $ is an automorphism of E, (Ad$ + $, $) is an automorphism of the omni-Lie 
algebroid £. Setting G = o F, the pair (G,1e) is again an automorphism of the omni-Lie 
algebroid £. Since G and p are compatible, we can write 

G(Q + (x) =V + b(Q) +<tO), V0 + ^e£, 

where b : DE — > $E and a : $E — > ZE are two bundle maps. Then, by 

(G(3 + //), G(t + v)) E = + /z, t + v) E , V + fi, x + v e £, 

we know that a = I^e and b is skew-symmetric: 

(b(v),x) E = -(b(x),-o) E . V5,teM 

Using the equation 

{G(D + n),G(t + i/)} = G{d + n, t + i/}, VHftt+i/e r(f ), 

we see that 6 is closed with respect to the Lie algebroid cohomology of DE. Thus F = <& o e b , as 
required. ■ 

Corollary 4.5. 77ie automorphism group Aut(£ ) of the omni-Lie algebroid £ is the semidirect 
product o/Aut(F) and r(Hom(TA/, E)), i.e. 

Aut(£) ^ Aut(F) k r(Hom(TM, E)), (29) 

where the action o/Aut(F) on r(Hom(TA/, E)), denoted by •, is given by 

$ • r, = $ o n o 0" 1 , 

where is the tangent of the map <f> induced by $ on the base manifold M . 
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Differentiating a 1-parameter family of automorphisms F t = $ t o e , Fq = 1, b = — d/i, we 
see that the Lie algebra Der(£) of infinitesimal symmetries of the omni-Lie algebroid £ consists of 
pairs € r(D£J) © T (Horn (TM, £))• The pair (0,^) acts on Y(£) via 

(« + /i)-(t+i/) = [t>,t] a) + ( Coi/-i,d^. V: + i/er(£). (30) 

From Theorem 14.41 we conclude: 

Proposition 4.6. The Lie algebra Der(£) of infinitesimal symmetries of an omni-Lie algebroid 
£ = *DE © %E is isomorphic to the semidirect sum ofT^DE) and T (Hom(T M , E)) , i.e. 

Der(f) T{T>E) K r(Hom(TM, £7)). 

Moreover, all of these derivations are defined by the standard bracket (0) of the omni-Lie algebroid 
£ from the left hand side, and there is an exact sequence of Leibniz algebra morphism: 

O^T(E) ^T(£) ^Der(f)^0. (31) 

Proof. By (pKl)) . for any derivation + n, we have 

(0 + n) ■ (t + v) = {d + a«, r + v}, 

which implies that derivations of the omni-Lie algebroid £ are defined by the standard bracket © ■ 
Also d 2 = implies that <d(T(E)) is the left center of the standard bracket ([9]), i.e. the kernel of 
the map ad. Thus, Sequence (1311) is exact. ■ 

Similar to the fact that an exact Courant algebroid can be twisted by a closed 3-form, we 
consider the deformation of the omni-Lie algebroid £. Given a linear map : T(DE <E> DE) — > 
T(3E), we define a new bracket {•, -} on T(DE © %E) by 

{0 + /z, r + v} @ = {d + /i, r + v} + 0(0 ® t). 

To meet Property (EC-2), must be skew-symmetric. To satisfy Property (EC-3), we need 

= ({8,t} e ,t) B + (t,{^t}e) B = 2«e(9At),t> B + (e(llAi),t> B ) 
= i((e(5At),t) K -(0(tA9),t) B ). 

Thus, 

(e(OAt),t) B = (0(tAt),O> £ = <e(tA5),t> B , V5,r,te3£, (32) 

which implies that £ r(Hom(A 3 S)£', E)%e)- In this way, it is standard to prove that {-,-}e 
defines a new _E-Courant algebroid structure on DE © ZE (using the standard pairing © and the 
same anchor of the omni-Lie algebroid) if and only if d0 = 0. We call this _E-Courant algebroid 
the 0-twisted omni-Lie algebroid. 

Theorem 4.7. Any twisted omni-Lie algebroid is isomorphic to the standard omni-Lie algebroid 
£ in DeHnition \2.8[ 

Proof. By Theorem [3Jl there is some b G r(Hom(A 2 £> J B, E) 3E ) such that = db. By ([28]t. we 
have 

e b {d + fi, x + v} e = {d + fi, r + z/}, V0+/1, r + v e T(£). 

Furthermore, b being skew-symmetric implies that e b preserves the standard pairing ©. Therefore, 
the transformation e b is an isomorphism. ■ 
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5 Exact E'-Courant algebroids 

Definition 5.1. An E-Courant algebroid (X, (-, ■) E , [•, p) is said to be exact if the following 
sequence is exact: 

Q—^ZE— ^DB^O. (33) 

Obviously, omni-Lie algebroids are exact. In |34j . it is shown that any exact Courant algebroid 
structure on TM®T* M is a twist of the standard one by a closed 3- form. An important ingredient 
in the proof of this fact is that any exact Courant algebroid has an isotropic splitting, i.e. both 
TM and T*M are isotropic subbundles. Unfortunately, this fact is no longer true for an exact 
-E-Courant algebroid when rank(_E) > 2. Therefore, we shall need the language of Leibniz algebra 
cohomologies. 

Recall that a representation of the Leibniz algebra (g, [•, •]) is an i?-module V equipped with, 
respectively, left and right actions of q on V, 

[ v ]:fl®V— ►V, [•,•]: V®fl— >V, 

such that 

Haugz] ~ [^si!^]) r [gi,gi] = ran r S2]i r 92 °lgi = ~ r gn ° T gn 

where l gi g — [gi,g] and r gi g — [g,gi]. The Leibniz cohomology of g with coefficients in V is 
the homology of the cochain complex C k (Q,V) — Homfl(® fc g, A), (k > 0) with the coboundary 
operator d : C k (g, V) — > C k+1 (g, V) defined by 

k 

dc\ 9l ,--- ,g k+1 ) = ^(-l) i+1 ffi ((c fe (ffi,-- - ,9i,- , 5fe +i)) + (-l) fe+1 (c fc (3i,-- - W 

i=l 

+ X! ( _1 ) lcfe (fi>--- ,9i,'" ,9j-i,\gi,9j],9j+u-" ,9k+i)- 

l<i<j<k+l 

The fact that d o d = is proved in . 

For the omni-Lie algebroid £, T(£) is a Leibniz algebra [5] and T(DE) is a Lie algebra. So, 
there are two actions of the Leibniz algebra T(DE) on T($E), respectively, defined by 

{0, u] = iV, {n, r} = -£ c /x + cl (ft, t) E , V 5, t G T{®E), ^ ve T^E). (34) 

For any b G T(Hom(DE,ZE)), db = is equivalently saying that 

£ a 6(r) - £ r 6(f>) + d (6(0), r) £ - bQp, t]») = 0. 

For any G r(Hom(® 2 Di?, 3-E 1 )), 99 = is equivalently saying that 

£ B 0(t,t)-£ t e(D,t) + £ t e(D,r)-d(t,e(O,r))£ + e(5,[t,t] a3 )-e(t ) [D,t] ;o )-e([D,t] ;c ,t) =0. (35) 

In the meantime, we treat the Lie algebra T(?DE) as a Leibniz algebra and define left and right 
actions of T(E) on E, respectively, by 

[D,u]=t>u, [u,r] = -w V5, ter(D£), w, «er(E). (36) 

Note that any 2-chain 6 G T(Rom(® 2 DE,ZE)) can be considered as a 3-chain G r(Hom((g) 3 Di?, E)): 

0(5 ®r (8 1) = (0(5 8r),t) £ . 

The following lemma can be easily verified. 
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Lemma 5.2. The above notation being maintained, 6 E T(Hom((E>' 2 DE, $E)) is closed in the coho- 
mology of the Leibniz algebra T(DE) with coefficients in T($E) if and only ifO E T(Hom((3 3 DE, E)) 
is closed in the cohomology of the Leibniz algebra T(DE) with coefficients in T(E). 

Definition 5.3. Given a symmetric bundle mapui : DE®DE — > E andQ E r(Hom(© 2 £)-E, $E)), 
the pair (w, 6) is called an admissible pair of the omni-Lie algebroid £ if the following conditions 
are satisfied: 

1) 6 is a 2-cocycle of the Leibniz cohomology ofT(DE) with coefficients in Y(ZE); 

2) for any d E T(DE), 6(0 (g> 0) = d(u(D <8> 0)); 

3) for any 0, r E T(DE), ^X)u(t ® t) = (6(0 © r), t) E + w([0, r]x> ® t). 

Two admissible pairs (uj, 6) and (w, 6) are said to 6e equivalent if there is some b E r(Hom(S£',3-E)) 
suc/i £/ia£ 

i; /or any 0, c E r(3>#), w(0 ® t) = cj(0 ® t) + + (6(c), 0> B ); 

2) = 6 + 96. 

For every 6 £ r(Hom(2)i?, -JE 1 )), 96 is a 2-cocycle and we can define a symmetric bundle map 
uj b :DE®DE — > E hy 

w 6 (i>®r) = ^(W>),t) E + (6(t),a) B ). 

It is straightforward to verify that the pair (u;;,, 96) is an admissible pair and it is equivalent to the 
admissible pair (0,0). 

Theorem 5.4. There is a one-to-one correspondence between isomorphic classes of exact E- 
Courant algebroids and equivalence classes of admissible pairs of the omni-Lie algebroid £ = 
DE © ZE. 

More precisely, for any exact E-Courant algebroid (JC, (•, -) E , [•, "\k,P)> one may identify JC = 
DE © ZE and take p as the projection to DE, and then there is a corresponding admissible pair 
(w, 6) such that 

{D + li,t+v) E = -((0,i/} B + (t,/i) E )+u;(0<g>t), VH/i,t + ver(D£®J£), (37) 
[D + H,t + u]ic = {Q + ^t + vje = {0 + n,x+v) + 6(0 ®r), (38) 

where {■,■} is the standard bracket (OJ). 

Conversely, for any admissible pair (ui, 6), ('DE © ZE, (-, -) E , [■, p) is an exact E-Courant 
algebroid, where (-,-) E and [-,-]k ire given as above. Moreover, two exact E-Courant algebroids 
are isomorphic if and only if their corresponding admissible pairs are equivalent. 

Proof. We split the proof into four steps. In Step 1, we prove that the E- valued pairing of the 
exact iS-Courant algebroid JC is given by (13"T1) . In Step 2, we prove that the bracket of JC is given 
by (|38[) . In Step 3, we prove that if we choose different splitting, we obtain equivalent admissible 
pairs. In Step 4, we give the proof of the reverse statement. 

Step 1. By choosing a splitting s : DE — > JC of the exact sequence (j33)) . we have JC = £ = 
DE ®3E and p is then the projection from £ to DE. By Properties (EC-4) and (EC-5), for all 
jU, v E 2E, we have 

(p k li,p k v) E = ^{n,pop*v) E = 0, (39) 
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which implies that p*$E is isotropic under the pairing (•, -) E . So if we transfer the pairing (•, -) E 
on K, to a pairing (•, -) E on DE © $E, 2E is isotropic. For any U G 5) £7, we have 



(0,^ = ( s (t)),p*( ! ,)) E = -(0, i ,} J3 . (40) 



Furthermore, for all 0,t £ we have 

(«,t) B = (a(0),s(r)) B 4 w (0®t) J (41) 

where u : QE ®T)E — >■ E is a symmetric bundle map. By (|3"5j). (|30"|) and l[ST|). it follows that the 
pairing is given by (f57|) . 

Step 2. For any 0, c e r(J)£), by Properties (EC-1) and (EG-2), we are able to write 

[Mk = [Mj)+e(9<8>T), ( 42 ) 

where 9 is an R-linear mapping T(DE) ® T(DE) -4 r(JE'). By we know that 6 is also 
C°°(M)-linear and hence 9 G T(Kom(® 2 ®E, %E)). 
Again by Property (EC-1), there is a bi-linear map 

a : r(®E) x r(OE) r(3£), 

such that 

[o, ^k = A(o, M ), vk r(3>£), /i g r(3£J). 

By Property (EC-3) and ZE being isotropic, we have 

= ([f,tk,/i) J i + (t, [0,^]/c) B = ([H,t]s,/J) s l (t, A(0,/i)) B , 
which implies that A(c),/i) = £o/i, i.e. 

[0, ix] K = &ofi, V G r(2E), G r(3£). (43) 

Furthermore, we have 

d(5,/i) B = d (0 + /i, D + jti)_g - d (J>,0) B = [0 + + /i]jc - d (0, 5) B 
= [t>,A«k + [m, f]/c = £oA* + [Mi *>k- 

Therefore, 

[M,% = d(o,M) E --C M, v M er(3£),oer(j)£). (44) 

Again by Property (EC-3), we have 

([fx, v] K ,*) E + (v, [fi, d] K ) E = 0, V fi, v e T(3E), d £ T(DE), 

which implies 

\fi,v] K = Q, V/x, i/er(3£). (45) 
By @2}, (O, g5]) and flU}, we get 

[3 + /i,t+i/]jc = {3 + + ©fa ®*)> VH/i,t + vef(4 (46) 

Since the bracket [•, >k satisfies the Leibniz rule, we have 
£ D 8(r, t) - £ t 8(f>, t) + £ t 6(D, r) - d(t, 8(0, t)) E + 8(0, [r, t] 2 ) - 8(r, [0, t] 2 ) - 8([0, t] s , t) - 0, 
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which implies that is a 2-cocycle in the Leibniz cohomology of T(DE) with coefficients in T($E) 
and the two actions are given in (|34p . Since the pair (uj, 0) comes from the iJ-Courant algebroid 
K,, it is straightforward to verify that it is an admissible pair. 

Step 3. Suppose that we have two sections s\, S2 ■ DE — > /C, then p(s\ — s 2 ) = 0. Take 
b = Si — S2 : DE — > ZE. We then have S2(0) = + 6(f)- By straightforward computations, we 
get 

{0 + 6(0),r + 6(r)}e = [D, tr]xi + £ D 6(r) - i t db(d) + 0(0 <g> r) 

= [5,t] s +&([5,t] 2 ) + (0 + 9&)(X><g>t). (47) 

If we denote the new pairing by u5, for any 5, r € T(S)i?), then 

£(0, r) = w(D, r) + (6(0), t) B + (6(r), 0) £ . 

Therefore, if we choose different splitting, we obtain equivalent admissible pairs. 

Step 4. Conversely, for any admissible pair (uj, 8), on DE®ZE, we define the pairing (•, -) E and 
the bracket {■, -} e by ([37]) and ([38]). It is straightforward to see that (DE ®%E, (•, -) E , {•, -}e,p) 
is an i?-Courant algebroid. If we choose different representative element (£5,0), assume that 
= + db for some b E T(Kom(DE,ZE)) and the corresponding i?-Courant algebroid is (DE © 
%E, (■, •)' E , {■, -}e+db, p)- By some computations similar to ([17]). for any 5 + £ T(S)i5©3-B), 

we have 

e b {D + ^r + vje+db = {e b (d + fi), e h (r + v)} e . 

It is also obvious that 

(e b (* + ii),e b (t+v)) E = {* + n,t+v)' E . 

Therefore, the transformation e b is the isomorphism from (DE(B$E, (■, -) E , {■, -}e+afc, /?) to (2)iS© 
3E,(;-) E ,{;-} @ ,p). ■ 

Remark 5.5. TTie extreme case that the induced symmetric bundle map uj : DE © DE — > E is 
zero, i.e. the splitting is isotropic, already has been studied at the end of Section 3, which is in fact 
the twisted omni-Lie algebroid. 

In some special cases, we can define an isotropic splitting as follows. 

Proposition 5.6. Under the circumstances above, if the induced E-valued pairing uj : DE © 
DE — s- E on DE satisfies Im^) C ZE, then there is an isotropic splitting s(0) = — hui^(X)). In 
particular, if E is a line bundle, there always exist isotropic splittings. 

Proof. By definition, we have 

(0 + s(D), r + s{x)) E = (0, x) E - wQ>, t) = 0, 

for all 0, r £ DE and /i, v £ $E. Thus, s(DE) is isotropic and we proved the first claim. 
Moreover, for any $ £ gl(E), 

Im(ccJti) C ZE -^=> w(0,$) = $(w(0,l B )). 

If E is a line bundle, the conclusion follows, because Ql(E) is then a trivial line bundle. ■ 
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6 E'-Lie bialgebroids 



In this section we introduce the notion of an E-Lie bialgebroid, whose double turns out to be an E- 
Courant algebroid. Conversely, any E'-Courant algebroid which is the direct sum of two transverse 
Dirac structures provides an .E-Lie bialgebroid. Similar to the fact that the base manifold of a Lie 
bialgebroid is a Poisson manifold, for an E-Lie bialgebroid, the underlining vector bundle E is a 
Lie algebroid (if rankE > 2), or a local Lie algebra (if rankE = 1). 
In the sequel, notations introduced in Section 3 are needed. 

Definition 6.1. An E-dual pair {{A, pa)] (B, pb)) is called an E-Lie bialgebroid if for all X, Y G 
L(A), u, v G r(E), the following conditions are satisfied: 

(1) d B [X,Y] = Z x {d B Y) - Z Y {d B X), 

(2) £a A uX = -2 d B u X , 

(3) (d B u, d A u) E = 0. 

When there is no confusion, we simply denote such an E-Lie bialgebroid by [A, B). 

Remark 6.2. Condition (3) is equivalent to pb ° d A — ~pa ° d B . 

Let us give some examples. Recall the properties of an omni-Lie algebroid £ = ?DE © $E. 
The pair (DE,$E) is certainly an example of i?-Lie bialgebroids, where p^E = and p^E is the 
identity map. For a Lie bialgebroid (A, A*), it is an _E-Lie bialgebroid, where E is the trivial line 
bundle M x R. The representations pa and pa* are, respectively, the anchors of A and A*. For a 
Lie algebroid A and a representation pa ■ A — > T)E, (A, A* <E> E) is an _E-Lie bialgebroid, where 
Pa*®e = (Example [231) . 

Proposition 6.3. A generalized Lie bialgebroid ((A, 0o), (A*,Xq)) is an E-Lie bialgebroid, where 
E is the trivial line bundle M x M. 

Proof. For any X G T(A), £ G T(A*), the representations pa and pa* are given by 
PA (X) = a(X) + MX), PA*(0 = a*(£) + X (0, 

where a and a* are, respectively, the anchors of A and A*. Evidently, we have d A — d*x - 
Furthermore, by definition, we have 

[X, d, Xo Y]to = [X, d* Xo Y] - (<f> ,X)d* Xo Y = 2xd* Xo Y, VI,Fe T(A). (48) 

Since ((A, (j) ), (A* ,X )) is a generalized Lie bialgebroid, we have (fTU)l . By P51) . Condition (1) of 
Definition 16.11 holds, i.e. 

d A '[X,Y] =Z x {d A 'Y)~£ Y {d A ' X). (49) 

To prove Condition (2) of Definition IS~T1 one substitutes Y by fY in where / G C°°(M), and 
gets 

2 d AfX = —£ d A*fX + /(£*0 o Jr + £x X). 

By (fTI) , we have 

£, d A fX = — £ d A* jX, (50) 
which is exactly Condition (2) of Definition 16. II Finally, substituting X by fX in (|50| . we get 

PA*d A {f) = - PA d A '(f) + (a(X )+a*(<f> ))(X). 
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By (fTTT) again, we have pA*d A (f) = — pA<i A (/), which is exactly Condition (3) of Definition 16.11 
Therefore, a generalized Lie bialgebroid ((A,4>o), {A*, Xo)) is truly an i?-Lie bialgebroid. ■ 

Let (A, [•, -],a) be a Lie algebroid and pa ■ A — >• DE a £?-invariant representation, where B 
is an B-dual bundle of A. For any u E r(£'), X e F(A) and X k E F(Hom(A fc B, we define 

their Schouten brackets by 

[u,X k ] = [X k ,u] = (-l) k+1 i d A u X k , [X,X k ] = -[X k ,X] = 2 x X k . 

The Schouten bracket [H,K] E r(Hom(A 3 J B, E) A ) of H, K E r(Hom(A 2 B, E)a) is defined by 

6, &) - (£x Cl e2,^3> B + + v & g r(B). (5i) 

For any A E r(Hom(A 2 -B, E) A ), we introduce a bracket [•, -]a on T(B): 

[£, »7]a = £a S »? - £a„C - d A (A(C, ??)), V f , t? e r(B). (52) 
By straightforward computations, we have the following formula: 

m, Hrj\ = H[Z, r{\ H + \ [H, H] (£, rj), (53) 

which implies that [H,H] E T (Hom(A 3 B , E) a) ■ Moreover, replacing H by H + K, we know that 
[H,K] E r(Hom(A 3 B,i;) A ). 

Given A E r(Hom(A 2 B, E) A ), let At, : B — > A and [A, A] t : A 2 5 — ► A be the induced bundle 
maps defined by (fTTj) . Let us denote 

a B =aoA^:B — > TM and p B = Pa° A^ : B — > DE. 

Proposition 6.4. Under the circumstances above, (£?, [■, -JajOb) *s a algebroid together with 
an A-invariant representation ps if o,nd only if the following two conditions are satisfied: 

(1) ^o[A,A] h =0; 

(2) Z x [A,A} = 0, Vler(4). 

Proof. By ([53)1 . for any (,, r/ E T(B), we have 

MK^U) = PA ° A^([C,?7]a) = [pb£,Pb?7] - \pa O [A,A]^,T]). (54) 

Therefore, pB is a homomorphism if and only if /?x ° [A, A]^ = 0. It is simple to see that for any 

/eC°°(M), 

[e,/»?]A = o fl (o(/)»/+/[e,»/]A. 

Furthermore, by (1531) . we have 

ob(|£,»7]a) = [obC)Ob»?] ~ °PA ° [A, A] [,(£,»/). 

Therefore, if o [A, A]^ = 0, is a homomorphism. 
Let 

^1.6,6) = [[£i,6]a,&]a + c P ., v& er(B). 
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For any X £ under the condition that pa ° [A, A](, = and by some similar calculations did 

in [23], one is able to get 

<J(£i,6,6),A% = -{i([x ) A^(Ci,6)],6) B + cp.} + p^(X)([A,A](a ) 6,6)) 

= -I(£ x [A,A])(ei,6,6). 

Thus, under the condition that pa ° [A, A][, = 0, the bracket [•, -]a defined by ([52")) satisfies the 
Jacobi identity if and only if Z x [A, A] = for all X e T(A). 

Finally, we show that the representation ps of the Lie algebroid (B, [•, -}a,clb) is A-invariant. 
In fact, by straightforward computations, we have 

d B u = -i d A u A, d B X = -£ x K V ueT(E), X eT{A), (55) 

as required. ■ 

Theorem 6.5. Under the conditions of Proposition (A,B) is an E-Lie bialgebroid. 

Proof. By (|55l) . it is straightforward to check the compatibility conditions of an E-Lie bialgebroid. 
We omit the details. ■ 

The notion of local Lie algebra was introduced by Kirillov in |19j , which is a vector bundle E 
whose section space T(E) has an R-Lie algebra structure [-, -]e with the local property, supp[u, v] C 
suppuflsuppw, for all u, v £ T(E). In particular, M is called a Jacobi manifold if the trivial bundle 
MxRisa local Lie algebra, which is equivalent to that there is a pair (A, X), where A is a bi- vector 
field and X is a vector field on M such that [A, A] = 2X A A and [A, X] — 0. A Jacobi structure 
reduces to a Poisson structure if X — 0. Similar to the fact that the cotangent bundle of a Poisson 
manifold is a Lie algebroid, T*M © K. enjoys a Lie algebroid structure for every Jacobi manifold. 
A local Lie algebra is not a Lie algebroid since there is no anchor map. For example, the trivial 
bundle M x R with the Poisson bracket is only a local Lie algebra for every Poisson manifold M. 

It is well known that a Lie bialgebroid {A, A*) gives a Poisson structure on the base manifold 
M ([28]). If (A, A*) is a generalized Lie bialgebroid, there is an induced Jacobi structure on the 
base manifold M ( 15J). In the situation of an _E-Lie bialgebroid (A,B) as in Definition 16.11 we 
introduce a bracket [■, -}e on T(E) as follows 

[u,v] E 4 (d A u,d B v) E ( = PB (d A u)v ), Vu,«er(£). (56) 

Theorem 6.6. Let (A, B) be an E-Lie bialgebroid, 

1) Lf rank(i?) > 2, [E, [•, -]e) is a Lie algebroid with the anchor j o p B o p A o d. 

2) Lf ranki? = 1, (E, [•, -]e) is a local Lie algebra. 

Proof. By Condition (3) of Definition 16. 11 the bracket defined by (l55|) is skew-symmetric. To check 
the Jacobi identity, for all u, v, w £ L(E), we have 

[u,[v,w] e ]e = (d A u,d B (d A v,d B w) E ) E = (d A u,d B {i d A v d B w)+i d A v d B d B w) E 

= - (d A u, £ d A v d B w) E = - (d A u, [d B v, d B w]) E = -p A ([d B v, d B w])u 

= -p A (d B v)p A (d B w)u + p A (d B w)p A {d B v)u 

= -[[u,w]e,v] e + [[u,v] e ,w]e ■ 
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Moreover, we have an obvious expression: 



[u,fv] E = {d A u,fd B v + p A (df®v)) E 

= f[u,v} E + (pB(d A u) 1 df(g ) v) E 
= f[u,v] E + (jop B op* A (du))(f)v. 

The map pb ° p\ '■ %E — » 1)E is skew-symmetric. In [5], it is shown that rank(i?) > 2 implies 
that j o p B o p* A o d : E — > TM is a bundle map. In this case, (E, [•, -] E ) is a Lie algebroid, whose 
anchor is j o p B ° p* A o <d. ■ 

7 Manin Triples 

In this section we develop the theory of Manin triples of E-Lie bialgebroids analogously to that 
of Lie bialgebroids. It is known that for a Lie bialgebroid (A, A*), we can endow A © A* with a 
Courant algebroid structure [22]. For a generalized Lie bialgebroid (A, A*), we can endow A © A* 
with a generalized Courant algebroid structure Similarly, for any E-Lie bialgebroid (A, B), we 
can endow A © B with an .E-Courant algebroid structure. In fact, we define on A © B an ^-valued 
pairing {-,-) E by 

(Xi+^,Jf 2 +&) B = i((Xi,&) B + <X 2 ,ei> B ), VXi+fc er(A©B), i = 1,2, (57) 

and a bracket [•, -]a0-B by 

[Xi+Z 1 ,X 2 +&]a®b = [X 1 ,X 2 }+£t 1 X 2 -2,z 2 X 1 +d B (X 1 ,&) E 

+ Ki,6] +Wa - £x 2 £i +d' 4 (X 2 ,ei) B . (58) 
Lemma 7.1. Let (A, B) fee an E-Lie bialgebroid. Then, one has 

■/(ei,e 2 ,e 3 ) = - Ji(ei, e 2 , e 3 ) + cp.(ei, e 2 , e 3 ) - J 2 (ei, e 2 , e 3 ), (59) 
for all a = Xi + & e r(^4 © £). ffere 

J(er, e 2 , e 3 ) = {ei, {e 2 , e 3 }} - {{ei, e 2 }, e 3 } - {e 2 , {ei, e 3 }}. 
The notation c.p. means cyclic permutations. Ji(ei,e 2 ,e 3 ) and J 2 (ei, e 2 , e 3 ) are, respectively, 
Ji(ei, e 2 , e 3 ) 

- ix 3 (d A [6,6] -£«d A 6 +%d A Ci) + % s (d B [JC 1 ,X 2 ] -fi^d 5 ^ + £* 2 d B X 1 ), (60) 
J 2 (ei, e 2 , e 3 ) 

+£ d B (e3;X2)E Ci + [d A (6,X 2 ) E ,Ci]. (61) 

Proof. We need the following formula, 

ix^d A V = It £ XV ] - Z^xri + ld A (n, X) E , £] + d'WOfa, *>s) - d A ([£, 77], *> B , 

for all X e r(A), £, 77 S r(£?). Then, the rest of the calculations are very similar to those in [2"2"] . 
We omit the details. ■ 

Remark 7.2. Equation \59\) is different from Theorem 3.1 in [22] since the bracket [■, given 
by (58\) is not skew symmetric. 
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Lemma 7.3. For any X £ T(A), £ £ T(B) and u £ T(E), we have 
[ PB (0,PA(X)h(u) 

= PA (^X)(u) - PB (ZxO(u) + Pb o d A (£,X) E (u) + (£ d B u £ + [d A u, £], X) E . 

Proof. 

PB od A (^X) E (u) 
= ( PA (d B u))(t;,X) E = (£ dBu Z,X) E + (t,[d B u,X}) E 
= (£ d B u £ + [d A u, Z],X) E + ([£, d A U ], X} £ - (£, £ x d s U ) s 

= [pb(0,Pa(X)]sH - pa{^X){u) + P b{Zx(){u) + (£ dB „e + [d A u, £],X) E . ■ 

Theorem 7.4. Given an E-Lie bialgebroid (A, B) as above, the quadrable (A®B, (•, -) E , [•, -]a®b, Pa+ 
Pb) is an E-Courant algebroid, where (•, -) E is given by and [•, ']a0B is given by i58\) . 

Proof. By Conditions (1), (2) of Definition 16.11 and Lemma I7TT1 (T(A (B B), [•, -]a®b) is a Leibniz 
algebra. For any X, Y £ T(A) and £, r\ £ T(B), it is obvious that 

Pa[X,Y] A(S b = [pa(X),pa(Y)]v, pb[£,v]a®b = [ P b(Q, Ps(v)h- 

By Lemma T7. 31 and Conditions (2) and (3) of Definition 16.11 we have 

[ PA (X),p B (Oh = Pb(ZxO - p A (^X) + p A d B (X,OE- 

We also have, 

(p A +p B ){X,Z} AS) B = (pA + PB)(2xZ-ZsX + d B (X,0 E ) 
= p B (^xi)-pA{^X)+p A d B {X,i) E . 

So we get Property (EC-1). Since (p A + p E )* = P* A + P*b an d P*a{ <5 ^ u ) = d A u, we have 

[X + & X + = (d A + d B )(X, Oe = (pa + Pb)* ° d(X, Oe , 

and Property (EC-2) follows. Property (EC-3) is straightforward. Property (EC-4) follows from 
the fact that p\ZE C B and p* B ZE C A. Property (EC-5) follows from Condition (3) of Definition 
16.11 This proves that (A © B, (•, ■) E , [■, -]a<sb,Pa + Pb) is an E-Courant algebroid. ■ 

Conversely, for an E-Courant algebroid K., suppose that there are two transverse Dirac struc- 
tures A and B in /C such that JC = A © B, we want to show that (A, B) is an E-Lie bialgebroid. 
Evidently, A and B are mutually E-dual vector bundles, with the pairing 

(X,Oe = 2(X,0e, X £ T(A), £ £ T(B). 

By Proposition 12.61 both A and B are Lie algebroids whose anchors are, respectively, a = j o p \ A 
and a E = j ° p \b- In the meantime, there are representations p A = p \ A of A and pb = p\b of B 
on E. The associated coboundary operators d A : fl'(A,E) -> E) and d s : fl*(B,E) -» 

0* +1 (E,E) are standard. 

Similar to the result in [22] for Courant algebroids, we have the E-Courant algebroid analogue: 

Theorem 7.5. // an E-Courant algebroid has a decomposition K, — A B , where A and B are 
transverse Dirac structures, then (A, B) is an E-Lie bialgebroid. 
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Proof. By Property (EC-2), for any X £ T(A), £ £ T(B), we have 

[X,^ = -K,X] K + (d A + d B )(X,0£- (62) 
By (|6"2"j) and Property (EC-3), we have 

[t,X] K = Z ( X-2 x Z + d A (X,0 E . 

Sowehave£ x £ G F(E) and £ 5 X <= r(A), and one gets d A (r(E)) C r(Hom(A 2 /l, E) B ), d B (r(/l)) C 
T (Hom( A 2 B,E) A ). Furthermore, we have p*o<d = (p* A +p* B )od = d A +d B . By Property (EC-4), we 
havep*(a^) C JC and hence d A (T(E)) C r(E) and d B (T(E)) C Therefore, ((A, p A ); (B, p B )) 

is an E-dual pair. 

Under the decomposition /C = A © E, for sections e» = Xi + & € T(/C), i = 1,2, the bracket 
[ei,e2]jc is given by ((58)) . By Lemma [7.11 and the fact that T(fC) is a Leibniz algebra, we have 
Ji + c.p. + J 2 = 0. Moreover, we have 

[p B (0, Pa(X)}j> = p[£, X] K = p A (£(X) - PB (ZxO + PB o d A (t X) E . (63) 

By Lemma \7. 31 we have 

{£ d n u i+[d A u^] 1 X) E = 0. (64) 

The nondegeneracy of the E-valued pairing implies that £d B «C = ~£d A u£j i- e - Condition (2) of 
Definition 16.11 

Finally by (1641) . we have J 2 = 0, which implies that J\ + c.p. = 0. In particular, if we take 
ei = X u e 2 = X 2 and e 3 = £3, we have d B [X 1 ,X 2 ] - £ Xl d B X 2 + £^ 2 d s Xi = 0, which is 
equivalent to Condition (1) of Definition 16.11 

By Property (EC-5), we have pa° P*b = — Pb ° Pa- So Condition (3) of Definition [64] holds. In 
summary, (A, B) is an E-Lie bialgebroid. ■ 

Finally, we give some examples of E-Lie bialgebroids. 

• The T*M-Lie bialgebroid (ZA,Z(A*)) 

For any Lie bialgebroid (A, A*), there associates a Courant algebroid structure on A © A*. By 
Theorem [2.131 Z(A © ^4*) = ZA © Z(A*) is a T*M-Courant algebroid. It is easily seen that both 
ZA and Z(A*) are transverse Dirac structures. Thus by Theorem 17.51 we have 

Proposition 7.6. For any Lie bialgebroid (A, A*), (ZA,Z(A*)) is a T*M-Lie bialgebroid. 

• The E-Lie bialgebroid (DE,ZE) induced by a Lie algebroid (E, [•, -]e,o,) 

Recall Theorem 16.61 where it is shown that for any E-Lie bialgebroid, there is a Lie algebroid 
structure (local Lie algebra structure) on E if rankE > 2 (rankE = 1). There is also a canonical 
E-Lie bialgebroid (DE,ZE) coming from a given Lie algebroid (E, [•, -] E , a). If rankE = 1, similar 
conclusion holds for any local Lie algebra (E, [•, -]b). 

In fact, if (E, [•, -]e, a) is a Lie algebroid (or (E, [•, -]e) is a local Lie algebra when rankE = 1), 
we can define a skew-symmetric bundle map ir : ZE — > S)E by setting 

7r(<dtt)(u) = [u, v]e, V u, v £ T(E). 

(This appeared in [5].) Moreover, we introduce a bracket [•, -] w on T(ZE) by setting 

[fi,v]„ = S^{n)V - £tt(u)P~ d{it{n),v) E . (65) 

One is able to check that the graph of ir is a Dirac structure and (ZE, [•, •]„•, j o ir) is a Lie alge- 
broid equipped with a representation n. Therefore, we obtain an E-Lie bialgebroid structure on 
(DE,ZE). 
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For a Poisson manifold (M,tt), there is a canonical Lie bialgebroid (TM,T*M). For a Jacobi 
manifold (M, X, A), there is a canonical generalized Lie bialgebroid (TMffiR, T*M®IR). Similarly, 
we have 

Proposition 7.7. For any Lie algebroid (E, [•, a), there is a canonical E-Lie bialgebroid 
(TiE^E). 7/rankF = 1, the conclusion holds for any local Lie algebra structure (E, [•, -]e)- 

• Dirac structures 

For an i?-Lie bialgebroid (A,B), suppose that H G r(Hom(A 2 £?, E)a)- Treated as a bundle 
map H : B — > A, H has its graph G H = {H£ + £| V £ G B} C A © B. 

Theorem 7.8. T/ie graph Qh is a Dirac structure if and only if H satisfies the following Maurer- 
Cartan type equation: 

d B H+±[H,H}=0. 

Proof. The property that Qh is isotropic is equivalent to the condition that H G L(Hom(A 2 i?, E)a)- 
By ([55|. we have 

[HL ri\ + [£, H V ] = [£, t?] h + £^r? - £ r)J ff£ + d B (tf (£, 77)). 

By (f5"3")l . we have 

[JT£ + £, #77 + v}= ZtHr) - Zr,Ht + d B (H(^ 77)) + H[£, rf\ H + l[H, H](£, 77) + [£, 77] + [£, 77]^ 
So r(5ff) is closed under the bracket [ , ] if and only if for any £, 77 G r(_B), 

H[€, V ] = 2 6 Hr, - £ V H£ + d B (H(£, v )) + ±[H,H}(Z,r,). (66) 

On the other hand, 

(d B H)(S,v,$) = PB te)(HT,,4) B -p B (r,)(Ht t 4) E + p B (d)(Ht,r,) B 

+ (m, K, 77]} B - (i/77, [£, 0]) B + (H& [77, 0])^ 

= (^H V - £,H£ - H[£, 77] + d B (H (£, 77)),^> B . 
Therefore, (|66p is equivalent to the condition that 

(d B !/)(£, 77) + i 77) =0, 

or equivalently, 

d B H + ~[H,H] = 0. ■ 

In particular, if d B — (i.e. S is a trivial Lie algebroid), the graph Qh is a Dirac structure if 
and only if [H, H] = 0, or H[£, V ]h = [H({), H(r,)]. 
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